We present a new and complete multilevel approachfor solving pathplanning problems for nonholonomic robots. At In this paper, we apply the scheme to carlike robots pulling trailers, that is, tractor-trailer robots. In this case, the real system is the tractor-trailer robot, and the ignored constraints in the semiholonomic subsystems are the kinematic ones on the trailers. These are the constraints of rolling without slipping, on the trailer's wheels.
Introduction
Even in the absence of obstacles, planning motions for nonholonomic systems is not an easy task. So far, no general algorithm exists for planning the motions of any nonholonomic system, that guarantees to reach a given goal. The only existing results deal with approximation methods, that is, methods that guarantee to reach a neighborhood of the goal (Lafferriere and Sussmann 1990; Bellaiche, Laumond, and Chyba 1993) , and exact methods for special classes of nonholonomic systems (e.g., Lafferriere and Sussmann 1990; Murray and Sastry 1990; Rouchon et al. 1993) ; fortunately, these special classes contain several real robot models. Obstacle avoidance adds a second level of difficulty: Not only does one have to take into account the constraints imposed by the kinematic nature of the system (i.e., linking the system). It appears necessary to combine geometric techniques addressing the obstacle avoidance with control techniques addressing the nonholonomic motions. Such a combination is possible through subtle topological arguments (Laumond 1993) .
Treating the holonomic constraints separately from the nonholonomic ones is nowadays almost a &dquo;classical&dquo; approach. It has resulted in planners for various nonholonomic robots and Liu 1991). The idea is that the problem is solved in two separate steps. In the first, a collision-free path is computed without taking into account the nonholonomic constraints. Subsequently, in the second step, this geometric path is transformed into one that respects the nonholonomic constraints.
For relatively simple systems, that is, systems with few nonholonomic constraints, efficient path planners are obtained with the described scheme. This is, for example, the case for carlike robots ). However, for systems with a higher degree of nonholonomy, it turns out that the second step is too time consuming. This observation leads to the idea of further decomposition of the nonholonomic constraints, and introducing them separately.
Our paper, which develops this idea, is organized as follows. We first relate our planner to other works in nonholonomic motion planning (Section 2). Then, to introduce our multilevel planning scheme (Section 4), we discuss the concept of nonholonomy and we define what we refer to as semiholonomic subsystems (Section 3). Our method consists of an initial search for a collision-free (but not necessarily feasible) path, and a number of subsequent transformation steps. Each such transformation step produces a path respecting more nonholonomic constraints than its input path. In Section 5 we present two general methods (the PL technique and tube-PPP) for the transformations. Section 6 is devoted to applying the multilevel planner to the particular example of a tractor towing a number of trailers. To use our planner for a given system, we need some specific local planners for the system and its semiholonomic subsystems. The local planners that we use for the tractor-trailer problem (based on RTR and sinusoidal inputs) are presented in Section 6.2. A method for obtaining the first collision-free path (for a car towing fictive holonomic trailers) is given in Section 6.3. The paths directly generated by the different steps of the algorithm are typically very long and consist of many maneuvers. The final path that is feasible for the tractor-trailer system is therefore hardly executable by a real (physical) robot. Hence, effort is required (and time must be spent) for smoothing the paths generated by our algorithm. Section 6.4 treats this problem in general (probabilistic path shortening) and the tractor-trailer system in particular (geometric NH-approximation). Finally, the experimental results of Section 7 aim to illustrate that decomposing the nonholonomic constraints and introducing them separately clearly reduces the computation time and the quality of the computed paths. Also, we show that application of the (tractor-trailer specific) geometric NH-approximation algorithm to the intermediate paths gives further improvement of the computation times in difficult cases, without severely penalizing the search in easy ones.
Previous Work
In the past few years, there has been a great deal of interest in motion-planning algorithms that generate collision-free paths for nonholonomic systems. The tractor-trailer system is one of the examples frequently used to illustrate different algorithms. For a given system, the first question we have to answer is, Can a robot reach a given goal, while avoiding collisions with the obstacles of its environment? This is the decision problem. For locally controllable systems (Barraquand and Latombe 1993), the existence of a feasible path between two configurations in the interior of the free configuration space, Csfree, is equivalent to the existence of any path between them in the interior of CSfree. This has led to a family of algorithms, decomposing the search in two phases. They first try to solve the geometric problem (i.e., the problem for the holonomic system that is geometrically equivalent to the nonholonomic one). Then they use the obtained path to build a feasible and collision-free one. So in the first phase the decision problem is solved, and only in the second phase are the nonholonomic constraints taken into account.
The first general result was presented by Sussmann and Liu (1991) (Laumond, Sekhavat, and Vaisset 1994) , using Reeds and Shepp's (1990) (1994) replaced the collision-free geometric path by a sequence of Reeds and Shepp paths. This complete and fast planner was extended to the case of Hilare with one and two trailers, using near-optimal paths numerically computed Fernandes, Gurvitis, and Li 1993) . So far, the exact optimal paths for a tractor-trailer system in the absence of obstacles are unknown. The resulting planners are, however, neither complete nor time efficient.
The same scheme was used for systems that can be put into the chained form. For these systems, Tilbury and colleagues (Tilbury et al. 1993) proposed different controls to steer the system from one configuration to another, in the absence of obstacles. proved that the sinusoidal inputs proposed by Tilbury and coworkers can be used in a complete algorithm transforming any collision-free path into a collision-free and feasible one. This algorithm was implemented for a carlike robot towing one or two trailers, which can be put into the chained form, and found paths in reasonable times Dealing with the tractor-trailer problem, for example, we can cite Luzeaux (1994) , in which a rule-based incremental control was applied to the special problem of parallel parking.
Another example is Sahai, Secor, and Bushnell (1994) ( 2 )) on the collision-free path Pi-i , and we apply recursively the same treatment to the portion of the collision-free path between p¡ -1 1 (0) and Pi -1 1 (1) and to the portion of the path between P; _ 1 ( 2 ) and P¡-l (1). As the algorithm proceeds, the considered extremal configurations will lie closer and closer to each other. Thanks to the topological property of the local planner, when the final configuration tends to the initial one, the length of the local path linking them tends to zero. This guarantees the convergence of the algorithm. For a serious demonstration, see .
Strong points of this technique are its completeness and relative time efficiency in cluttered regions of CS. The paths produced are, however, often very long and &dquo;ugly,&dquo; and therefore require significant smoothing (see also Section 6.4). Fur-thermore, the completeness of the algorithm is only guaranteed if the input path Pi, -has a nonzero clearance from the obstacles.
The Tube-PPP
The second transformation technique that we describe is based on the probabilistic path planner, or PPP (Kavraki et al. 1996 ; Svestka and Overmars 1997).
The PPP is conceptually quite simple. A road map R is constructed incrementally, by repeatedly generating a random2 free configuration c, and trying to connect c to a number of previously generated configurations with the local planner. Whenever such a connection succeeds (that is, the computed local path is collision free), the road map is extended with the corresponding local path. Once a road map has been constructed in the above manner, it can be used for retrieving feasible paths. We denote PPP with a specific local planner L by PPP(L).
Given a path P, we now define TE (P) to be the subset of CS that lies within distance E of P, where c is a (small) constant. We refer to 7~ (P) as the C S-tube around P, or
The transformation is now performed by executing PPP(Li ) on Tc(Pt-i) F) C~free. That is, instead of picking the node configurations randomly from the whole CSfree, they are only picked from the free portion of TE(Pi-1). The concept is illustrated in Figure 3 .
The start and goal configurations sand g are added as nodes at the very beginning, and the road map is extended in the standard way until s and g are graph-connected. Then We now introduce some notations and terminology that we will use throughout this section (see also Fig. 4) The inputs here are vo, the velocity of the car, and co, the front wheels' angular velocity (that is, the derivative (in time) of the tractor's steering angle). For a realistic system, not only do we have to take into account some bounds for the steering angle < 1 > , but also for the angles between consecutive bodies composing the robot (that is, between their main axes). We use -2 n and 2 n as bounds.
The nonholonomic constraints of this system are imposed by the rolling without slipping of the wheels. So a natural way of building subsystems for a system composed by a tractor and n trailers is to ignore the existence of some of the wheels. We define the subsystem Sk (0 < k < n) as in Section 3. That is, Sk is a carlike robot with the first k trailers nonholonomic (that is, with wheels), and the remaining n -k trailers being holonomic. This means that the last n -k trailers can rotate freely (within [-2 n, 2 n ] ) around their linking point with the vehicle in front. In Section 6.1, the nonholonomic constraints of a tractortrailer robot have been mathematically described. However, using the terminology introduced in Section 6.1 (and in Fig. 4 That is, Pg is an ordered list of configurations [cl, ... , ck] with c 1 = P (0) and ck = P ( 1 ), such that no two consecutive configurations lie more than a distance E apart (in configuration space).
If c is chosen small and the ith nonholonomic constraint is not violated in path P, then for any pair of consecutive configurations (c j, c~+ 1 ) in PE , Vli (c j, c j+1 ) will be approximately zero. If, however, P does violate the i th nonholonomic constraint, then PE will contain some pairs (cj, Cj+l) with Vli (c j, c j+1 ) nonzero. Moreover, the more Ri's velocity vector deflects from Axi, the higher will be the value of Vl~ , for configuration pairs in the Pe segments where this violation occurs. This all follows from the geometric characterization of the nonholonomic constraints given above.
Hence, it is sensible to define the extent to which the ith nonholonomic constraint is violated by a path P in terms of Fig. 6 So, Definition 3 gives us means for measuring the violation of the i th nonholonomic constraint in a given path, and this is exactly what we need; i.e., when a path Pi -1 (for system S¡ -1) is to be transformed to a path Pi (for system Si), it is the ith nonholonomic constraint that is to be introduced. The more this constraint is already respected in path P~-i, the easier (and hence faster) will be the transformation. Hence, when a path P~ _ 1 has been yielded by a transformation, one should try to reduce its i-violation before passing it on to the next transformation step.
We again do this with a probabilistic algorithm, similar to probabilistic path shortening. However, instead of trying to replace random path segments by shorter ones computed by the local planner, we now try to replace the path segments by alterations of themselves that are of lower i-violation. Both the path segments and the alterations are generated probabilistically. We will refer to this algorithm as the geometric NH-approximation:
Let P~ _ be the path for which the i th nonholonomic constraint is to be approximated.
Loop until ... Let Q be a random path segment of P; _ 1.
Let Q be an i-alteration of Q.
If Q is collision-free and Vli (QE) < Vh (QE), then replace Q by Q in P~ _ 1.
The i-alterations, aimed toward modifying the path (slightly) with respect to orientation of the ith trailer, can, for example, be generated as follows:
Let (x, y, ~, 90, ... , On) E e[O...l] be the path (segment) to be &dquo;i -altered.&dquo;
Let 3 E]0, y7r[ be an experimentally chosen constant.
Let 9 = random [-8, 8 ].
Replace 91 (t) by 9i (t) + sin(7r~) -<9 (for all t E [0, 1]).
This simple method works fine, but other alterations are of course also possible, as long as they keep the path continuous.
In the next section we will present experimental results that show the positive influence of geometric NH-approximation on the transformation steps, and, through this, on the overall performance of our multilevel path planner. (Table 5) . We have not managed to smooth sufficiently all S2 paths generated by the two-level planner (that is, the one without the Sl level). We therefore do not give results for the final smoothing phase of this planner (the averages would be meaningless).
Comparison of the Results
To have a comprehensive overview of the experimental data, we plot the average computation times for each of the six presented problems in separate charts (Fig. 12) Fig. 4 ). The inputs are vo, the tangential velocity of the tractor's front point, and w, the angular velocity of the front wheels.
The following change of coordinates converts the control system above into chained form: (Laumond 1993 (Vershik and Gershkovich 1988) implies that fore close to zero, the shortest path steering the system for a length equal to c in the direction Ok has a total length
